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YUNN 'Y 7Y 110" NIRXIN 7Y
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,2NINQNON NID'OX NI'N7ID
NNLYN NIA79NNI

NN2LXN NIAO9NN °
Fe (0 =P(X<x)= [ f,@dt  F(-0)=0, Fy(o0)=1

NINANON NIO'OX
oF K

« _ 0
=~ =8X__[Ofx(a)da: (0 [ f (@)da=1

—Q0

(a,b] yopa nI'n? nnanon e

P(a< X <b)=P(X <b)-P(X <a)=F, (b)-F, (a)



N7NIn

TTA XN
E[x]=;xp(x = X) E[g(x)]zleg(x)P(x = X)
qQ'¥1I X'n
E[X]= J' xf, (x)dx E[g(X)]= T g(x) fy (x)dx
- NNDN
aE[ X |+bE[Y]+c MmN -
E(X)-E(Y) 0o"m Y,X vy -

E[aX +bY +c]
(11 X7 79'0n) E[X-Y
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NNIY

NNIY

Var(X)=E| (X ~E[X]) |=E[x*]-(E[X])
NNIDN
Var(X) =0 .1
Var(X) =0 & X = const .2
Var(aX + b) = a*Var(X) ovpnn a,b ‘17 .3
Var(X +Y) =Var(X) + Var(Y) + 2Cov(X,Y) .4
Var(ZX;) = Z;Var(X;) n"a X;,....X,, yay .5



NONIYN NNiY

Cov(X,Y)=E[XY]-E[X]E[Y]=E[(X -E[X])(Y-E[Y])]

1
=§(Var(X +Y)-Var (X )-Var(Y))
DNRT7 NN N
(?"n2) nx1"7 07N M7, 0mNInn M7 <= 0"na nnwn
('0IX2 'RAPK 1I10PI 7Y NOPNa TA7N) 121 T'AN X7 )9'NN

NAPDN e
Cov(X,X) = Var(X) .1

(nnun'o) Cov(X,Y) = Cov(Y,X) .2
Cov(aX + b,cY +d) = acCov(X,Y) .3
Cov(X,const) =0 .4



NONIYNN NNIYN NIynwn
101D 7W XN DTNl

X % " i
—-1 -1l<p,, <0 Pxy=0 0<py, <l
_Cov(X,Y)
Px.y~ .
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InINI7-X7 NI7N 7Y D175 117 Y900 X7 nxMIpn 0T
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NniMnn

Y=y |n1n2 X 7¥ nninn Nio'oxn

fyy (X Y)
fy (y)

fxw (Xl Y):
290N 77D e
fyy (X )= Ty (X[ Y) Ty (V)

‘0" NNOoIN °
foy (XTY) T (Y)

fx (X)

fY|X (y | X) —
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NININ N7NIN

Y=y |n1'na X ¥ nanmn n7ninn

E[X|Y =y]= T Xy (X]y)dx
h N?'7NNn vown
E[X]: E, [E[X |Y]]

770mn npnnn vown -
E[X|Y]=E[E[X]Y,Z]]Y ]
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N7 10771

X =

NTIMY 0PI No? 7alpn .

NI7NINN 0PI RN 'RIPXR 0P Y D7D .

DX -E|

cov[ X, X,]

COIXMXIN NXM0N »

cov[X,, X,] cov[X,, X,]-cov[X,, X, ]

cov|[X,, X, ]|

cov[X,,X,]]|
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X(w,t) n'wnn QY119 RN 772 AT 'RIER )N
2TNN 0NIO W I ATR RIN TIWRD

— |ATN 7Y N'V0'1'NMIL'T N'Y;7AI9 [N 7TAN VNS VIA'Y
.DATN N'"¥?19

X'n nn Mt iy

NI0RZIN 7Y NINANONN PIN VIT Ng,N,..N, "D"INT paon” 75 1y
(anian' . 'Xnk)
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N'X 770N DY NIRIVINR

X IRAPR )70N YW QX AIRIVIN e

Ry (tt,)=E| X (t,) X (t,) ]

Y -1 X D"RIPZRN 070NN ' NXAIpong o

Rw (t1’t2) = E(X (tl)Y (tz))
Ry (tut:) =E(X (4)Y () = E(Y () X (&) =R, (L)

Inmun'o X7 '19
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'0IN2 A1'7'9

1 _(05_,“)2
f ()= e 2 'OINAN AI7'9N °
270"
pdf cdf

J'0NTIVO NNl NIAPONNAN X' N%7an randn nTigon :MATLAB-2 -

X=0c-L+u

:N(,u,o-z) 2 72un
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NIMIrxXuo

SSS (Strict Sense Stationarity) — axn jama niMarYvo
[th’xtz"“’xtn] DMIVFIN WY T 991 [t,t,,...,t ] DNt phon oY

D79 ANIR | X X e XL | -

(X)= P, (X) : manxx

2(11921 NN 1K 19NN [1N) AT DTN X7 D'VINIMN DA D YA KON

+00

E|:thxt2 th :| = I X(tl)x(tz)”'x(tk) fxtl,xtz,...,xtk (l)dﬁ #( (t)

—00
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WSS (Wide Sense Stationarity) — anan jama niMairrxvo
'DIIYKRY D'VININ Y 1Y 71 NTA NI7N 01N W N T

g E[ X(t)|=p N7NIN

E[X(t)X(t,)]=R(j,-t,|)=R(z) N¥NIFI0IXD "D

D'INTN YIS N (/M n'17Nn

Var[ X (t) |=o® =R(0)- #* NIYY? W

SSS>WSS
WSS SSS :'oixa 1'7nna
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NNDAI'T - NIMAI'XVO

SSS xin (independent identically distributed) iid 3*7nn -
SSSY17An NN X(t)=A XN'nADX-

X (t)=Acos(amt+¢), ¢~U[0,27], A=const 70N |IM

\ 702 '9 NXN X

0.5~

rrrrrrrrrrrrrrrrrrrrrrr
000000000000000000000000000000000000000000

? WSS nxn
y 2 : DIYRIN D'VININN W DX 7T
E[x(t)] :_Iw f(¢)Acos(apt+¢)dg= !iACOS(%tW)M:O ‘NYNIN
E[x(t+2)X(t)] = Ry (t+7,t) = E[ A% cos(ay(t +7) + #)cos (@t +) | = YNNG D
*) A2 2

_ A? [W + COS(C()OZ'):| = A?COS(C‘)OT) =Ry (T)

(*) cosacosf = %(cos(a + ) +cos(a—p))
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NTTNIY NNN DATA N'¥22I9 NIAY )'70N KN 'TIAXR )'70N
121D 1'"70NN 7W NIA?9NNN 7V TIM77 np'oon At T NINT?

DTN PITAY? nwp
3'7NNN 7Y DMIoN |'OXN7 ONM NIFTIAAN] D'YNNYN 770 N2

T

H :T"m% X, (t)dt vk N7NINT ON'2 NIMTIAN
T
RXX(T):nm% X, (t+7) X, (t)dt vk NNIP-I0IR? 0N NIFTINR
T—w

2Tn Nnanwn —k

72777 |N"2 OX DM10ON YVNT97 0N 'TIATKX KIN Y'7NN :NNNX D'7N]
DTN DATA NY2119] AT IXT7 NAIANNN 20NI9N 7Y 1DV NX

.7 21N NIN,0N97 oNM FTIAN N )YNNY Nan v

IMVNT9 ININT ON' MAI'YVO e



NITAN T nnalT

A-U[01] X' Ao, X (t)=A 970N v on01 :nnaiT
?N7NIN% on "TIAOX )'7NNN OXRN

0.8

.0ATN NI'X219

0.6~
0.4~

0.2~

0

0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

N7NINT7 NHY 'R DTN DATA N'XPAI9 7W yXIinnn

lim = _.'X (t)dt_llmi. Adt = A

T T T >

A €[01]=E|[ X (t)|=E[A]==2

N7NIN7 oN TN 1'X 710 '7nnn «—
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Slutsky vown — nIrTIAX

NN [IYXIN VINIMA TR ' WSS 1'70n

.0ON7 TOVIT N7 I

NN DT 727 DT 20 2 7R NNt OR CGNYYIRIVIR
NIYTN DITTAN TN VT 7271 X7 ,N'NNY 723 N1nn Ngninn
IN'ATA "2 N'VO0'VVO NITN NN'PY [IIYD

VT 17 U NNt INX NDYIT ANX7MIpN OXL|'917'NY
%17 AWONRY UTN '00'VVO
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NI'TIAN 22 NNAlT

)'7NNN 7Y 7DN01 :NNalT
X (t)=a-sin(apt+®P) , a=const , ®~U|0,27]

?N1nIY71 N7NINT ont 'TIANR )'7NNN DRN

.D'OpPY 3 197 1'RIY 1'7NN7 NnITA — 2NN |22 MAI'YLOo )N e

N7NIN7 on NIMTIAAX NNDIN @

T:Z—”(n+p) neN, pe[0,) -'TA]
a,
jxk(t)dt n- _[a sin(awpt + ¢, ) dt+ j a-sin(awpt+4, )d J' a-sin(awpt+4, )d
0 0 0

lim = [ ()dt_llm— j a-sin(@t+¢)dt — 0= E[ X(t)]

Too T Towo T

f|n|te/oo

29



1—cos(2a,t + 2¢k)dt}

NITIANX 2 NNAIT
NNIY7 oN NI'TIAX NNDIN °

y

2z
p“’0

a’-sin” (wpt + ¢, ) dt + _[ a’-sin” (wpt + ¢, ) dt

(1

p_

j 1—cos(2aw,t + 24, )d

2
+ —

p.27r

2 2 @ 2

_nal 2z & plm a—COS(2w0t+2¢k)dt

2 w, 2 v 2
im 1% (0 dt = I 1(”+pa2” " a S(2e,t +2 _
Tl_rll?o( ( )) _TI_TO? T E.)‘ ? a)o + ¢k) —

| flnriife/oo i

L 1  (n+p)a® 2z a® _ - 2
‘T“i?oi—f(m ) 2w, 2 (0)=E|(x: ()
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Confidence Interval — no ninN

¢ "MK DY DX "2 NIRTENTNA 7710w 0'DvN NN — JNo NN
.DDWYN NNIXY X'Nn

Jinoan nm o
-7 nnw X"
.0.05/0.01

\ (1 ——) percentile

W
Lo—hs

NINAY7 IX YWNN NXXIN N7V [INVTAN NN NN PITA? wnwn 795 0T
12 021'"MIYN NIRY Y0NI9\R"NT 1INV DINN
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Confidence Interval — no ninN

NOTAN e
D"PNN WD X, [NAYD L Inw?D X n"n iy

P(X<X,)=a

Xg, Xla} 0'>IWA BIND N '0Mim X X_pnNawn
2 X n"nn nX 7On 1-= 22

2 > >
1-annanon

P(Xa <X <X a]zl—a
had 1—

2 2
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Runs Test

1'70N 7w NIMarxvo Nt 'worvvo [nan —Run-Test
7712 [NANN .NTTIA DATA N'YZ1I9 'S 7V 10N197 onf 'RIX
1.1.d X'n "NTON DX

1DNN

NN IR 0'YLurn N-7 (DA™ N'YZII9) NIRN DX D790
.0'71TA 2'90N DAY D'YLVIN 7'90N W'Y DANIT

YOI 72 212V1 1712 NIXRN YAV NRIYIE VXN 0'AvNn

Twnn () jop Ix ('+) 71T XN ox yopn 75 7y n0'anon
JDIND 7D 1Ay AavIinY

QX1 72 .NYaIY NRI7NN IV I — runs-n 190N NX 0910
TAX run-7 awnl =" IN '+ 7w

NN VIX'A7 & NINaIN NN 0WYalyp
SAPNNY VN Q1Y FTTY-IT N0 NN N710nn DY7Nn
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Runs Test

NNYYN 'MY NNN FUNS-n 1501 117'9 7y 7onon jnann
S11'X00 NIXN 09NN Mywn —
MII'Y0D0 X7 NIND N'DI7NN Mywnn —

nnn 0'vopn N-7 71N NIX 112V runs-n 190N 7w a17'9n
190N NININ (MAI'YVO NINNY NNIN2 m|'7:)) O9XN NIYWYN
(0*-"-") 0"7*2wn o'wopnn Yooni (n-"+") omarnn owonn

(NN ~N| p=2 NN g 5 2 _(#=D(-2)
N N -1

Where N=N_+N_

11I'Y0V0 X7 ?....NIN 70NN TR 09NN NNYWN DX D'NIT DX
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Runs Test

JNynN no e

-0 19501 7Y 217'9N 7¥ 011NAWN DX 17 NP90Nn 720N —
N0 NIN NINN Y7N7 [N ,27 .09XN NYWN NNN runs
.N2IN1 NIZNAM NN Iy

NIXN 'TX 12Y'NY N0 NINA X7 0'727NY runs-n 190n OX —
['21'YV0 N7

nNanonn , "N X977 nywnn DX 07 TIA NNIRY [I1D —
runs-n 190N 7Y 217'90 NIQIT |'2 NHYA DY P7NNN NIYYY?
.09XN NYYN NNN

DIZN 1712 NIRN 7Y [I'XN7 NON"'NN [N2NN 7Y NXI91 N0NA —
UXINNN 0OV TIAV1 012 11NN .YXINNY
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NNAIT - Runs Test

:NN2N NTON N72pPNN ,0"101 NIX 7W NAINI NRI7N 112V N1)

++++H-——++H——H++++H————

N = 22<«— ?NIXD 771N D'YLOPN NNDY
r, =6 «— ?runs-n 1%0n 1NN

.N7207 N9 =0.05 NIZNaIM NN 1Y N1)
I

M1I'YVO X7 NIXNY VIA{77 NINANON
.1 2100 NN"AYW — MII'YVO KINW NINNY
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NNAIT - Runs Test

NNANonN NNANnon
=22 AI0N NNAY 12100 NXAY
217 ‘702
Table A.6 n7mn 1
Percentage Points of Run Distribution a = 0.05 —l a _ O 025
alues of ry,, such that Prob [r, > Fpel = &, where n = Ny = N, = NJ2 E — WV
o
= N2 0.99 0.975 0.95 0.05 0.025 0.01
5 2 2 3 8 9 9
6 2 3 3 10 10 11
7 3 3 4 11 12 12
8 4 4 5 12 13 13
2 {4 2B B3
e T 1
13 7 8 9 18 19 20 R = 7 R = 16
14 8 9 10 19 20 21 a o
15 . 9 10 11 20 21 22 — 1—
16 10 11 11 22 22 23 2 \ y / 2
r F @ 28 B- =
25 17 18 19 32 33 34 o (x, o
= a4 £ =z 3z I & -
40 30 31 33 48 50 51 interval
% 38 30 » % &1 &
55 43 45 46 65 66 68
60 47 49 51 70 72 74 - ! ! NIXN OX
6s 52 54 6 75 7 79 '71,7]1.'12} runs-n 150n ,MaIrxvuo
: 9 [7,16]
75 61 63 65 86 88 90 Xnl
8 & 5 % of 53 8 .95% ninanona [7,16] ninna X
72
. 1
o9 75 Y 2 107 105 15 [2'71 ,6 NIN runs-n 190nY 11717 NnaIma
100 84 86 88 113 115 117

Ni7N2MmMn NN 1Ay Moo X7 NIXN
.N1ININ
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NINNAIT - Runs Test

?Runs test '9% 0'I'YVO I'N' 0'XAN NINIXD OXD

2 T T T r 2
1.5 ' 1.5
<~ 1 " X~ 1r
0.5 ' 0.5
4

ot

o
N

2 2
1.5 ' 1.5WMW
X~ 1r 1-
0.5F 0.5
0o 2 4 é 8 16 O0 2 4 6 8 10
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,NIYN 112y [Nana 7wor
D'VON TN VYN 1N11 DX K7X

YXINnnn 1Ay [Nand na 7wo
,NNIYN 112y |naNn2 DAl
D'VOPN TN VYN TN1] DX K7X

- Runs Test

,UXINNN 1Ay [nana 7won
D'VON TN VYN 1N1Y DX X7X

:D'YON7 NPI7N2 TN 19N

,7UN7 TN YN 7'on yopnin IR DX
,|n2AN2 7W5' NIXRN

Y7 7Y — X7 DN
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NAN )'7NNn In1 N e

X(t)=A-t+B

NN NN D279 TMNA XM B-1AYWUND

A~ N(0,1)
B~U[-11

?2N1N/¥N [2ma NArYvo XN X 7

0NN OXN NINY e
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Runs Test win'? nnalT

%% Runs Test
%% demo example for Tutorial 1

F

a

for

Elias Nehme,

normalized time axis

linspace (0,1,1000);

% numR realizations X(t)

i=1:numRk

% N(O,1)

A = randnm(1):

U[-1,1] = 2*(0U[0,1]-0.
2* (rand (1)-0.5);

o

mooe
I

% X(t) = A*t + B

¥t = A.*%tc + B*ones(size(t)):

end

% plot current time sample
figure (100) ;
plot (t,Xt);
hx = xlabel ('5T
hy = ylabel ('S$X\1
ht = title(['%"' numZstr (numk)

eft [HMormalize

efc{c\right)5'});
hold on;
set {[hx,hy, ht], "interprecter', "latex', '"Fon

drawnow;

AIY'N7 DNAIT °
:DATN NI'X72I9
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X 1'70NN Y DA NI nnd 7V Dnoa e

5 Realizations of the process

™~ Mmoo
Vs ?7¥N |ama
ING

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

0.9 1
Time [Normalized]
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'runs”-n aAIvN? NnAalT e

%% Buns Test on the last sample function

%2 E[X(t)] of the full signal

EX = mean (Xt);

% Var(X(t)) of the full signal

VarX = wvar (Xt);

% choose number of segments
Nsegments = 20;

% segment length for X(t)
Lx = length(¥Xt) /Nsegments;
% prepare indicator matrix

Indicator = zeros(2,Nsegments);

% run the test

for i=1l:HNsegments

NNIYI N7NIN
171D NIXN

D'YOPNN 190N

Xseg = Xt {(i-1)*Lx+1l:i*Lx);
EXseg = mean (Xseqg):

VarXseg = wvar (Xseg);

Indicatoxr(l,i) = 2* (EXseg > EX)-1;

yopm 75 nnivi NN
D'NNAN n'on +

Indicator(2,i) = 2% (VarXseg > VarX)-1;
end
% count the runs
EXruns = sum(diff (Indicator(l,:)} ~= 0) + 1; rl1r]s;_;1 ’]E)(),]
VarXruns = sum({diff (Indicator(2,:}) ~= 0) + 1;

% final decision based on th

m

% =statistical significance |

pro
..

vided table in the tutorial and

alpha=0.05) 44
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Table A.6
Percentage Points of Run Distribution
Values of rj., such that Prob [r, > r,..] = «, where n = Ny = Ny = NJ2

o

n = NJ2 0.99 0.975 0.95 0.05 0.025 0.01
5 2 2 3 8 9 )
6 2 3 3 10 10 11
7 3 3 4 11 12 12
8 4 a s 12 13 13
g 4 6 13 15

5 6 15 16
6 7 16 17

12 7 7 8 17 18 18
13 7 g 9 18 19 20
14 8 9 10 19 20 21
5 . 9 10 11 20 21 22
16 10 11 11 22 22 23
18 11 12 13 24 25 26
20 13 14 15 26 27 28
25 17 18 19 32 33 34
30 21 22 24 37 39 40
35 25 27 28 43 14 46
10 30 31 33 48 50 51
45 34 36 37 54 55 57
50 38 10 a2 59 61 63
55 43 45 46 65 66 68
60 47 49 51 70 72 74
65 52 54 56 75 77 79
70 56 58 60 81 83 85
75 61 63 65 86 88 90
80 65 68 70 o1 93 96
85 70 72 74 97 99 101
90 74 77 79 102 104 107
95 79 82 84 107 109 112
100 84 86 88 113 115 117

DN NINNND 'R 1Y
NI'N? D'YLUPNN 190N NX DN
:0'7227n N=20

N7NINN Ay runs Ny - —

NNIYN 1y TN run —
D'22apn 0.05 7w niznam nn 1w
DX I ,15-1 6 DNAYWN YW NN
727NNY runs-n 1901 ,MI'YVO NINN
.95% ninanona [6,15] ninna xxn)

NIN ruNs-n 190NY 172'7 NNAaIT
212V MAI'YVO X7 NIRN 19X D'71,1/2
NN NIENAMN NN
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N'10N2

NIDYNI NINIX NP

aliasing -1 Nn'aT ,Nn"I9 NINNNN
Z NNNNn

IR -1 FIR ni>7wyn

D'110N

filtfilt nTIzoON



N'10N2

NIDYNI NINIX NP

aliasing -1 nn'aT ,n"I9 NINNNN
Z NNNNn

IR -1 FIR ni>1wyn

D'10N

filtfilt nTIzoN



N'X2'0IN

LP filtered
150 -~
= 188 =
£
50 - HP filtered - 50
T T j —-50
0 min 10 0 min 10

Decomposition of systolic blood pressure series in two components
containing fluctuations with period greater and lower than 40 seconds by
using low-pass (LP) and high-pass (HP) filters.



NiAYNI NINIR

N0 |'2 NMYPNN NIINY D091 :NdyN °
.NX¥IN7

X®) —  h(t) YO

D"ONXN °
X (t)=a-x (t)+b-x,(t) = y,(t)=a-y,(t)+b-y,(t) :nrxa —
xz(t):xl( -T) = v,(t)=y,(t-T) T2 NIV —
y(t,) = f (x(t<t))) NI'MQ'0 —
y(t,) = f (X(t,)) ND'T N0IN —



LTI nd>vn

— INT2 NYIAP NN DWW 0IYO9N Mpnn
.Linear Time Invariant (LTI)

y(O)=peny(t) =] <>h<t £)de -
/ —j_w t TdZ'

N'¥17122177

0707 N2WNN NAAN NRI7I h(t)

X(t)=0(t)—f heo -y(t)=h(t)
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CTFT ™I nnnn

x(t)e ' dt ; t,weR DY DONNN e

X" (w)edw N2I9N NNnNn - e

é'—-;S glg'*_'oS

=5(t) & X (w)=1 NVIT innnn ©



17N DNNN

(1, tl<x f2 sin (7o) 20
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T2 VAP 1'K NIXD VX INNY NIXYT7 N1

2800

51 52 53 54 55 56 57 58 S N
S ~ File Edit View Insert Tools Desktop Window Help |
N\ 1 P—
¥ Part 1 s Ee | K| ROV RL- 2|08 el
load data \\
— . N
£f5=100; FH= %000
dt=1/fs; S
N=length (data) ; 12000\_\
\
t=(0:N-1) *dt; N
N
10000 \
hil=figure('name', 'raw data'): N N
plot (t,data) 8000 | S
\
N\
1 N
%% Part 2 6000 F ~
poly=polyfit (t,data,2): S N
tread=poly (1) *t. "2+poly(2) *t+poly (3); 4000
hold on
plot(t,tread, 'z'); 2000 /-'-"/
xlabel ('t [sec]') _—
legend('raw data','fitted treadline'); op—
%% Part 3 . -2000 ! ! : . + . . : .
0 10 20 30 40 50 60 70 80 90 100

x=data-tread;
mu_hat=mean (x) ; 46
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least square fitting Natyva Nt NITND NIXN YXINN DX DWW .2

hl=figure('name', 'raw data'):

plot(t,data)

%% Part 2

poly=polyfit(t,data,2);
tread=poly(l) *t. "Z24+poly (2) *t+poly (3
hold cn

plot{t,tread, '=");

xlabel ('t [sec] ')

legend ('raw data', 'fitted treadline
%% Part 3

x=data-tread;

mu_hat=mean (%) ;

sigma2 hat=mean ((x-mu_hat)."2);
sigma hat=sgrt (sigma2 hat):
hZ=figqure('name', "x");

plot(t,x)

hold on

plot (t,mu _hat*cnes(size(t)),'z'")
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hold on
plot(t,tread, 'r');
xlabel ('t [sec]')
legend('raw data', 'fitted treadline');

%% Part 3

x=data-tread;

mu_hat=mean (x) -

sigma2 hat=mean ((x-mu_hat)."2);

sigma hat=sqgrt(sigmaZ hat);
hZ2=figure('name', 'x');

plot(t,x)

hold on
plot[t,mu_hat*ones[size(t}},'r')
plot(t,sigma hat*ones(size(t)),'-—-r')
plot(t,—-sigma_hat*ones(size(t)),'-—-r')
xlabel ('t [sec]')

legend('x', 'mu hat', 'sigma hat')

%% Part 4
polints=2000;
Ne=points*2+1;
df=fs/Nc;

tan=(—-rmaints-nainta) *3+ -

.DNOYYY YXINNN DX NIXNN N'oNN .2
INN .72PNNY NIXN 7Y [PNN NTOO0I YXINNN DX IDIVY NYD
221 7V D'DWIYNN [PNN NMOOI YXINAN DX 12'¥N 7uXIinnn

.(NMonnN INKX7) NIRN
4 Figure 2:x - o IEH

File Edit View |nsert Tools Desktop Window Help k]
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30

X
mu hat
— — — sigma hat
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t [sec]
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35

36 %% Part 4 25 T T T T T T T
37 |= points=2000;

38 — Nc=points*2+1;

39 — df=fs/Nc;

40 — tau=(-points:points) *dt;

41 - f=—f5/2:df: (£5/2-df) ; '] Ny 20r i
42 — Rxx_hat=xcorr (x,points);
43 — | Rxx hat=Rxx hat/Rxx hat (points+l); n |XI7'1 I |7

44 — Sxx_hat=fftshift (fft(Rxx_hat));

45 - 15

46 — h3=figure('name', 'auto correlation'); D I-] U pDOI ©

=T|= plot (tau,Rxx hat) '>C<

48 — xlabel ('tau [sec]') &;

49 — ylabel ('Rxx hat') 10

50

Fil|= hd=figure('name', 'auto spectrum');

53 = plot (f,abs (Sxx_hat))

53 — xlabel ('f [Hz]")

54 — ylabel ('Sxx hat') 5

55

56 %% Part 5§

57 % We know that a pole creates a peak in spectrum (see bac!

58 % For a real system, if z0 is a pole than zo* (the comple: 0

59 % A higher peak may be achieved by clustering several pol: -50 -40 -30 -20 -10 0 10 20 30 40 50
€0 £ In this case we have a peak in the middle of the spectn f [HZ]
€1 % high freguencies => we need at least 3 poles, 2 which aic cunjuyaices cuma
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67 5% Eart 6

68 — intTau=-points:points; 25 r r r r r r r r r
69— Ji=s; NNNXNN

70 — R hat=toeplitz (Rxx hat(points+l:points+L));

Til|= r:hat=—( Rxx hat (Eoint5+2 :points+L+1) ) '; AR I7T|YJ

72 — a_hat=inv(R_hat)*r hat;

— 20 - .
74 ‘?.»ﬁ Eﬁ‘t 7

75 (= theta=2*pi*f/fs;

76 — z=exp(-li*theta);

77 — L=cnes(size(z)); 15 |+ E
78 — for i=1:L ©

79 — B=B+a hat (i) *z.~i; =

80 — end §

81 — Sxx_ar=1./(abs(R))."2; @

82 — Rxx ar=abs (£ftshift (1fft(Sxx ar)));

a3 — _—

g4 — figure (h3) DIWUPDO

85 — hold on

86 — plot(tau,Rxx_ar, 'g','LineWidth', 2) AR I7w

87

88 — figure (h4)

89 — hold on 'm' ‘

90 — plot (f,Sxx_ar,'g','LineWidth',2) Mmdm‘mmm:f_

91

92 %% Part 8

93
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93

Bl (=
95 —
96 —
&7 =
98

939 —
100 —
101 —
102 —
103 —
104 —
105

106 —
107 —
108 —
108

110 —
111 —
112 —
113

114 —
s (=
1le —
117 —
11is

118 —
120 —
121 —
122 —
123 —
124 —
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21770 Tmn 710 W v nnRNaN N 7y iy

%% Part 8

25 T T T T T T T T
L2=27
R_hat2=toeplitz (Rzx_hat (points+l:points+L2)); estimated
r hat2=-( Rxx hat(points+2:points+L2+1) )'; AR(3)
a_hat2=inv(R hat2)*r hat2; AR(2)

20 - AR(8) iy
A2=ones(size(z)); AR(4)
for i=1:L2

B2=R2+a hat2(i)*z."i;
end 15 -
Sxx_ar2=1./(abs(a2))."2; =
Rxx ar2=abs(fftshift (ifft(sxx ar2))); c
2

figure (h3) 2}
hold on

plot(tau,Rxx_ar2, 'r', 'LineWidth', 2)

figure (h4)
heold on
plot(f,sxx ar2,'r', 'Linewidth’', 2)

L3=8;
R _hat3=toeplitz(Rxx hat(points+l:points+L3));
r hat3=-( Rxx hat(points+2:points+L3+1) )';
a_hat3=inv(R_hat3)*r hat3;
f [Hz]

L3=ones(size(z));
for i=1:13

A3=RA3+a_hat3(i)*z."i;
end

Sxx_ar3=1./(abs(a3))."2;
Bxx ar3i=abs(fftshift(ifft(Sxx arl))):
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%% Part 10
w=filter([1l,a hat'],1,x);

5igma_w_hat=5qrt{mean{{w—mean{w]].“2]];
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%% Part 10
w=filter([1l,a hat'],1,x);
sigmaiwihatzsqrt(mean((w—mean(w)].“2));

%% Part 11

w2=sigma_w_hat*randn(size(t));
x2=filter(l,[1,a hat'],w2);
figure('name', 'new process — auto-spectrum')
plot (f,abs (fftshift (£ft (xcorr(x2,points)))))
xlabel('f [Hzl")

ylabel ("x2")

figure('name', 'new process — time domain')
plot(t,x, 'ba')

hold on

plot(t,x2,'rc")

xlabel ('t [sec]')

legend('original', "new')

%% Part 12

®_regenerated=filter(l, [1,a_hat'],w):
figure('name', 'regenerated process')
plot(t,x, 'ba')

hold on

plot(t,x regenerated, 'r')

Xlabel('t [sec]')

ylabel ('=x")

legend('original', 'regenerated')

%108

7 T T T T T T T T T

-50 -40 -30 -20 -10 0 10 20 30 40 50
f [Hz]
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1057 [= S1igma_w_hat=sqrt(mean((w-mean(w)J. ZJJ;

159

160 $% Part 11 ]
lel - w2=sigma w_hat*randn(size(t)):

162 — x2=filter(1,[1,a hat'], w2);

163 — figure('name’', "'new process - auto-spectrum’
164 — plot (f,abs (fftshift (fft (xcorr(x2,points))))
165 — xlabkel('f [Hzl")

166 — ylabel ('=z2")

167 — figure('name', "'new process - time domain')
168 — plot(t,x, 'ba")

169 — hold on

170 — plot(t,x2,'c")

171 — xlabel ('t [sec]')

172 — legend('original', "new'")

173

174

175 $% Part 12 ]
176 — x_regenerated=filter (1,[1,a hat']l,w):

177 — figure('name', "regenerated process')

178 — plot(t,x, 'bao")

179 — hold on

180 — plot(t,x regenerated,'r')

181 — xlabel ('t [sec]l")

182 — ylabel('x")

183 — legend('original', 'regenerated')

30 . .

20

10

-10

-20

D T

O

original
regenerated

50

70

80 90

t [sec]
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Il

[Exv]l, tauxvl] ¥oorr (x,wvl):
[Exvl,tauxvi] = Xcorr(x,v2):
[Evl,tauvl] = xcorr(vl,wvl):
[Ev2,tauvi] = Xcorr(vd,v2):
[Evlvd, tauvlive] = Xcorr(vl,wv2):
uild the appropriate matrix R

[ Evl(tauvl=—0) EwvlvZ(tauvlvZ=—0};...
EvlvZ (tauvlv2==0) ERwv2Z (tauvZ==0)]:

o
e

1
T

1ild the appropriate
Wl 1L

g b LOe appropriace VeCcrLol I
r = [Exvl(tauxvl==0),; ExvZ(tauxvZ==0}]:

% calculate the weights accoring to: w = R
Ww = B\r

% estimate v (n)

vihat = wil)*vl + wi(2)*v:

% subtract it from the mixture to get the

shat = x — wlhat:
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% STA Example
% find the index of the first spike [(neurons are causal)
e ——— 11 1 1 1
ind first = find(spikes=—l1,1}: D n:' O Dn D ]Ij IJ
% tau axis in units of frames nN Yl7nl7 nnl] -]j-r
—
[~,tau] = =corr(spikes,sgueeze (stimu]l movie mat(l,1l,:}),ind first): []']X]Tf\ IE}-]E)T]

% create
XcorrMat
for i=1:

for

end
end

the cross correlation between the stimulus and the spikes
= zeros(m,n,length({tau)):
m

j=l:n
T nxym awn

HocorrMat (i,j,:) = xcorr(sgquecze(stimul movie mat(i,j,:}),spikes,ind first);

% examin
for i=1:

€ the images for tau in [-ind first,0] to get the stimulus video
(ind firsc+l)

figure () :
imagesc({XcorrMat {:, :,1)});

colormap (gray) !

axi=s off;

axis tight;
daspect ([1,1,1]):
title(['$%tauf = " nom2str(taun(i) /f=*1000) " m='],'interpreter','latex', "FontSize',15);

end
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5% Part 6
intTau=-points:points;
L=3;

a_hat=inv(R_hat)*r hat;

R _hat=toeplitz(Rxx hat (points+l:points+L));

r hat=-( Rxx hat(points+2:points+L+l) )'; AR I7T|YJ

3% Part 7

theta=2*pi*f/fs;
z=exp(-li*theta);
L=cnes(size(z));
for i=1:L

A=R+a hat(i)*z.~i;
end
Sxx_ar=1./(abs(R))."2;

Rxx ar=abs (£ftshift (1fft(Sxx ar)));
_—

figure (h3)

hold on

plot(tau,Rxx_ar, 'g','LineWidth', 2)
figure (h4)

hold on

plot(f,sxx ar,'g','LineWidth',2)

%% Part B8

DNLP90
AR v

NNXNN

Sxx hat
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estimated
AR(3)

AR(2
AR(8
AR(4
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%% Sinusoidal Example for Tutorial

’
z Figure 1
% start with a clean slate Fle Edit View Inset Tools Desktop Window Help ~
close all;clearvars;clc; 3 P
REE DR R PR EIC
% load the data and create time and freguency axes
data = leoad('eeg.mat'); Original
eeqg = data.EEG; ' ' ' ' ' ' ' ' '
N = length(eeg); % signal length in sampels S \ \/Aﬂ \ \fll' _
fs = 200; % sampling fregquency in Hz N‘I‘”] 1IN ~ =1 ol /\ /\\. I'u / | s II\NV\\I \/\ﬁll/'\/‘/\/\,/\’\flllll WL
faxis = (0:N-1)./N*fs - fs/2; % frequency axis in Hz > & ' J \\ I\k | ( \ \ \ \
t = (0:N-1)./fs; % time axis in secs ’?nNXInn nN \-‘? 04 I||I B
\ y | | | | |
sinusoidal interference frequency N o 01 02 03 04 05 0.6 07 08 09 1
Esin = 50; % Hz Iln] nujgn j-l'.'n \ Cleaned
T T T T T T T T T
OpSS WLNOOWS Speclllcacloll ald gelleraCloln _ N
. 5 o0 | E
= 3/N; % half bandwidth parameter n|]||7n i P f\ wlll "(‘\/A', \\/‘_} ',Ik/\wf'\vf\“ /_\‘ A \-/‘III “
= N*W; % time - half bandiwth parameter 02 'n,\/‘ \ \ / \ \/\ \/\/ *’\/ Ilu/~ Y
= \ \
= 2*NW - 1; % number of windows DPSS = \ || |
0 0 = -0 1
indows = dpss (N, NW,M); % generate the DPSS windows ¢ I.j
-0.6 Il Il Il Il Il
% calculate fft of the windowed signal and the windows 0 o1 oz 03 04 0s o8 o7 o8 02 !
VvEf = fftshift(fft(windows, []1,1),1); % FFT of the windows Df't?(’t?d gﬁm‘imd{(l
¥Xf = fftshift(fft(repmat (eeqg,1,M).*windows, [1,1),1); % FFT of windowed signals 0B 1 ﬂ [ 1 ﬂ [ 1 ﬂ [ 1 ﬂ [ 1 ﬂ [
F estimate the right and left constants COr and c01 -]I-]uw i | || || ||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||!r
. R . . 0
CO0r = pinv (VE(faxis==0,:)."')*Xf (faxis==fsin,:)."'; 2 |||‘ |||| |||| ||||‘|||||| |||| ||||‘||||| |||| |||‘|||||| |||| ||||‘|||||| ||||
01 = pinv(VE(faxis==0,:).")*¥f(faxis==-fsin,:)."'; D |n—rl—’n \-? u | | | U u | | U u | | | U u | | U u | L| | |
- 0.02
F Simulate LINE SpDIODII1ALE COMpDLEX eXpolentials and SUDLIach Chem o 01 02 03 04 05 0.6 oy 08 0.9 1
simexp = COr*exp(lj*2%pi*fsin*t') + COl*exp(lj*2%pi*(—fsin)*t"'); Time [Sec]

Eegsub = eeg — simexp;

NX7n10NN NYI9NN NYoNn 'y 7apnn 7an NIKN

————————————————————————————————————————————————————————
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50 T T T T
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e
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% statistic percentile closed formula from tutorial

Ff0 = (M-1)*((abs(C0r)+abs (C01))"2) *sum(abs (Vf (faxisz==0,.,;)."2) /sum(abs (Xf (faxiz==-f=zin, :)
+ Xf(faxis=—f=sin,:) - COr*Vi(faxis=—0,:) - COl*VIi(faxis=—0,:))."2):
b=2*M — 2; % F distribution second degrees of freedom

|alpha = 1/H; % Confidence lewvel | _'n||7n3_|nn nn |I'Dnn '00'VLO

% check if the HO rejection criteria is satisfied

cond = b¥ ({l-alpha™ (2/b))/ (2¥alpha” (2/b) ) ;

% rejection condition

if Ff0 » cond

Nn'"NT 90
09NN NYYN

rejectHD = 1: 2

else B
rejectHD = 0; b 1__CZ

end = ( fo) _ 6350 > 7w DININ 1Y

=19.54 '0'72M n'Yan

2

% print result

b
if IE'EctHd ZCZ
[Egrintf:'m:;; Hypothesizs Rejected, and Sinus Detected!\n");

1l - ——_ D'NITTN NNV

fprintf('Hull Hypothesis Accepted: Not a Sinus..\n'"): ?D'nl'[ N'? IN

end
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Confidence Interval — no ninN
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Confidence Interval — no ninN

NTAN e
D"PNN WWN N X [Navn LNy X n'n iy
P(X < Xa)za
D'>VN DINN NI

X n"nn Nx 70 omvpm X, - ,Xa DINAYN
1—a nNanona \\ = 2

P(Xa <X <X ajzl—a
il 1-=
2

2
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TTX-TN DNLVP90 — Periodogram
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: 1 2
Gxx(f)=2°T“LQE[;\Xk(f,T)\ } 1 TTY TN DINVP9O0
. 2
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1 1
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'0INAN NN — Periodogram

NI 'YUnn 027 NN DNNNN DX 197 [N e
X(f,T):XR(f,T)+i-X,(f,T)

JOIRAN NN NIV

NIXN OX 'TX ,09X N7NIN DY n'XLﬂIP M0Nd 02D W7 ON'NI DX °
.O"OINXA OnN DA 'OIXA

X (£.T) =X2(£.7)+X2(f.T)

?vI2M2a 0"Na 0"oIXA Nn"n 7w DIDO 279NN 'K NTIRY e
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'0INAN NN — Periodogram
N0 NN
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2
GXX(f,T):”mf‘X(f’T)‘ Xs(f,T)+X,2(f,T) Z(Zz)

_1 _
2
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G, (f.T) #,| 'OoIXan NMpnin — Periodogram
Cu(f) 2 N0 NIN

2 2 n
DM 2, o, « DIINAYN X 279710 X n"'n 1YY 1nn
) "2

Pl v <X<y#° —p=1l-«
(Zm;‘ Z(zwj P

2

. YD o NINAM NN Ay e
1 2 Gxx ( f ) 1 2
Pl—y _< <=y _|=l-a
2 (2):5 G,, ( f ) 2 (2)1-
G (f G (f G, (f) -w nmanonn , i
> P ZXX( )SGXX(f)S X;( ) =l-a —— | p=1-a x'n nT 0w NIV XYM
Z(Z) @ Z(z)a NON NIN X172 D'2YA NIV
2 2

66



'0INAN NN — Periodogram
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'0INAN NMp7nin — Bartlett
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Estimated One — Sided Spectrum
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< 10* PSD Estimate with 95% Con fidence Interval
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Glig (f) and its Confidence Bounds
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Background:

Filters, Estimators,
Auto- cross- correlation

functions Stationary Signal Analysis

T1-T3
TS5 T4

Simulation of correlated LTI & Correlations

Gaussian processes * Ry Ry, estimation and
+ AR FFT for S,,, S,, estimation
* FIR

LTI & R, AR model |

+ h(1) estimation * Regular signals

+ Delay estimation * Yule-Walker equations
* Removal of EEG artifacts

T7 T6

Spectral Analysis: + Averaging between trials
* Non-parametric * Uncorrelated noise
» Tapering » Correlated noise
* Multi-tapering - Spike triggered average \ 75 7y N

+ Sinus detection * Bussgang
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function [ knots,measure ] = SegmentEEG( eeqg,S,deltaindex,M, Sthresh,winlen,T )
% function segments the eeg signal according to the prowvided input
% parameters.
%
% Inputs
% eeg - eeg signal to segment
% 5 - measure function handle
% deltaindex — threshold passing minimal distance
T M — number of error autocorrelation samples
% Sthresh — threshold for the measure
% winLen — window length
5 L — order of the AR model
%
% Outputs
% knots — knots where the segments start/end
% measure — measure evolution throughout the signal
% Inits.
N = length(eeg); % signal length
refpos = 1; % initialize reference position
testpos = refpos + 1; % 1initialize test position
countThresh = 0; % initialize threshold counting
SegIndicator = zeros(size(eeqg)): % segmentaticon indicator
done = false; % initialize the stopping criteria
i =17 % initialize index for the measure history

$ EEGZ Segmentation
while ~done

% reference segment

eegRef = eeg(refpos:refpos+winLen—-1) ;

a = ARModelling(eegRef,L); % AR Model ng

errorRef = filter([1l:; al,l,eegRef); % error of the reference
[Rfixed, taufix] = xcorr (errorRef); % error autocorrelation

% test segment

eegTest = eeg(testpos:testpos+winlLen-1) ;

errorTest = filter([1l; al,l,eeqTest); % =error of the test

[Rmoving, taumov] = xcorr{errorTest); % error autocorrelation

% calculate the diss—-similarity measure
5t = 5 (Rfixed, taufix,Bmoving, taumowv,M) ;
measure (i) = St; % save measure history

i = i+1l; % advance the appropriate index

% if the threshold is not reached then just skip to the next window

if 5t <= Sthresh

testpos = testpos + 1; % advance to the next test w

indow

countThresh = 0; % initialize the count of threshold passing

% suspected to be a different segment, check adjacent ones before

% segmenting

else
testpos = testpos + 1;
countThresh = countThresh + 1;

% check if this threshold passing has lasted 100 msec

if countThresh >= deltaindex

SegIndicator (testpos - deltaindex) = 1; % mark seg. initial point
refpos = testpos - deltaindex; % switch the reference segment
testpos = refpos + 1; % advance test position
countThresh = 0; % zero threshold passing count
end
end
% check if the whole signal is segmented
if refpos >= N - winLen || testpos »= N - winLen
done = true;
end

% find the indices of the knots
knots = find(SegIndicator==1);
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NNAIT - Spectrogram
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% spectrogram calc. ‘\
nfft = length(eeqg); % fregquency axis samples

noverlap = 0; % overlap between segments
window = 100; % window (~ 2 seconds)

res = 1; % time resolution

figure () ;imagesc (tsp, fsp,mag2db (abs(S)))

hx = xlabel('5Time \ ‘\left[Sech\rightls$');

hy = ylabel('Sf \ \left[Hz\right]3$');

set (gca, 'YDir', 'normal');Ch = colorbar;

hC = ylabel (Ch, 'SPower \ ‘\left[\frac{dB}{Hz}\right]s"):;
ht = title('$Spectrogram % of % EEGS');

\E?t([hx hy, hC, ht],'inte:p:ete:','Latex','FontSize',lB{;}
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IPFM (Integral Pulse Frequency Modulation )
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% time axis and increment for integration
t = linspace(0,2,3000);
dt = 1/1000;

% rate function m(t), numerical integral, and threshold for firing
m = 0.1*cnes (1,3000) + abs(cos(0.5%2*%pi*t));

I = cumsum{m) *dt;
R = 0.2;

% IPFM sim.
k = 1; Ishort = I; t0 = 0; % Inits.

tspikes = []; % output spiking times

while Ishort(end) > R
tspikes (k) = find((Ishort-R)>=0,1) + t0; % kth spikes time
Ishort = I(tspikes(k):end) - I(tspikes(k)); % remaining integral

t0 = tspikes(k); % time from which the (k+1l)th spike is found
E=k + 1; % advance counter

end
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Time Rescaling theorem
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Time Rescaling nnoin

AlV. Proof of the time rescaling theorem

Let (0.7] be an observation interval and let N(z) for 0 <t <7 be the counting process
of a point process with conditional intensity function A(z| H,). Assume we observe a set

of spikes O<s <. <5y, =7T. Define z, for i=1. ,N(T) as in Equation #HHH.

Define a Jacobian matrix whose i, /" element is Si
4 Als,|H,)) ifi=j L = jﬂ(S;N,WS)dS
J';= = _,'1',(3_|H) ifi=j-1, Si1
" ds S
! 0 otherwise

This Jacobian is lower triangular, so its determinant is just the product of its diagonal
N{T)

elements, |J|=[] A(s, |1 H,).

im]
Using Equation 6, the joint density function of the first n spike times is given by

j:‘i', seeesdpg (sl? """ \J rr) = H f'-?l (‘Sr.u I'H-'ﬁ—l ]

im]

= [1(26s, 1, yexp [ 01t )t}

i=l

U. Eden notes



Time Rescaling nnoin

According to the change of variables formula, the joint density function of the random
variables Z, = J': A(t| H,)dt,for i=1,. N(T) is given by

fz,,...,z,,,, (:13"”:.\'(T)) — fs,,...,s.,(,, (Slv---vs.\‘(n)ljl-l
N(T) . N(T) =
- J_(z(.s, |H, )exp{-j" At H )dt})[l_[ As | H, ))
i=l L =1 ‘
N(T)
= [ (exp{-=}).

i=l

which is the joint probability density of independent exponential random variables with
unit rate parameter.

U. Eden notes



Time Rescaling theorem

A)\(t) 150 E
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A =1 I0XI9 '7nN
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rescaled time (unitless)

real time (s)

Pillow et al. (2009) 22
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NNAIT? vIn'mn

INaima

function tspikes = TimeRescalingSimulation( |lambdat) Ttot,deltaint )

% function simulates a point process depending on it's stochastic intensity
% function lambda(t), for a desired Ttot period of time. The numerical

% integration is carried out in steps of deltaint (minimal interval walue)
%

% Inputs

% lambdat — given stochastic intensity function of our PP

% Ttot — total "experiment”/simulation length

% deltaint - minimal interval wvalue/ numerical integration difference

%

% Outputs

% tspikes — simulated spike times for PP with lambdat

% Inits.

tlow = 0; % initialize the lower bound of the integral

thigh = deltaint; % initialize the upper bound of the integral
E = exprnd(l); % initial threshold

h = waitbar (0, 'Please wait...'); % add a wait bar
: N " 1]
o o DMAIVY TV N'X1A01'X D N0

while thigh <= Ttot

intval = integral (lambdat,tlow,thigh); % integral wvalus n 1 n In l] n-rl n nn I Nl . q O

(i e e N ..cumtrapz-a wnnwny

tspikes = [tspikes thighl; % save the current upper bound

tlow = thigh; % new lower bound
thigh = tlow + deltaint; % new upper bound
E = exprnd(l); % cast a new threshold
else
thigh = thigh + deltaint; % new upper bound

\ons J

waitbar (thigh/Ttot) % update waitbar

end
close(h); % close waitbar

end



function tspikes = TimeRescalingSimulation v2

fu
fur

nction

Inputs
lambdat
Ttot
deltaint

Cutputs
tspikes

of ol ol o o o o o o o o

INain)

Lambdat|

Ttot,
simulates a point process depend

ction lambda(t), for a desired Ttot period of time. Th
integration is carried out in steps of deltaint (minimal

- given stochastic intensity function of our PP

- total "experiment”/simulation length

- minimal interval wvalue/ numerical integration

— simunlated spike times for PP with lambdat

deltaint)

e numerical

ng on it's stochastic intensity

interval walue)

difference

intaxis =

(

O:deltaint:Ttot)'; % the integration time axis

intval = cumtrapz (intaxis, lambdat (intaxis)); % the integral

h point

E = exprnd(l); % initial threshold

ind = find{intval>=E); % find the initial spike time

tspikes =

i

ntaxis(ind(1})); % initial spike time

thigh = tspikes; % initialize the upper integral time limit
h = waitbar (0, "Please wait...")s % add a wait bar

% intergrate and out
while thigh < Ttot

intval

= intval - intval(ind(l)}; % current integral wvalu

E = exprnd(l):; % cast a new threshold

% find the appropriate spike time
ind = find({intval>=E);
if isempty(ind)

break;
end
tspikescurr = intaxis(ind(l)); % current spike time
tspikes = [tspikes tspikescurr]; % save the result

thigh

= tspikescurr; % new upper bound

waithar (thigh/Ttot) % update waitbar

end
closze (h)
end

£

close waithar

2N win'n

NX D'AYNNY 'Y 7720
— .. WUKNKIN "0x¥nn" 7Mavakn
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LNP (Linear-Nonlinear-Poisson) cascade

Linear Non Poisson
Filter Linearity Spiking

w(t) | h(r) x(t) | () A(t) .0; IAIII\II(It)>

R, (7)<>R,(7)

DTN 72120N2 NNAIT? N7RW Mo
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Maximum Likelihood nw
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Model Comparison
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n'x7i'o - Time Rescaling

A/\(t) 150 f_{

I'NNNT7 CTWOR X'T
A =1 ]I0KI9 7'7nN
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rescaled time (unitless)

real time (s)

Pillow et al. (2009) 37
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function [ E,tspikeshom ] =

TimeRescalingComparison( [Lambdat, Tau
% function generates a homogenous polsson polnt process depending

intervals

from a process with stochastic intensity function lambda (t)
wvector

output

a0 de de op

% spiking times

tspikes = cumsum (Tau) ;

% Inits.

tlow = 0; % initial lower integration bound

thigh = tspikes(1l); % initial higher integration bound
h = waitbar ({0, 'Please wait...'}); % add a wait bar

E = zeros(l,length(tspikes)-1):; % initialize the output

with

Tau assuming the first interval is calculated from zero.

(supposed to be distributed ~exp(l)) and the appropriate spikes.

the

is the intervals in the homogeneous Time-Rescaled poisson process

(¥>integrate on lambda(t) to calculate EN
for i=l:numel (tspikes)-1

waitbar (1/ (numel (tspikes)-1)) % update waltbhar

\Q}ose(h];

% close waitbar

E(i) = integral (lambdat,tlow,thigh); % current integration result
tlow = thigh; % update lower bound
thigh = tspikes(i+l):; % update higher bound

“\

D'NINN/D'?'90 NITO NAIN)
NP TN Nnd n'uXIni

D'AYNN D'IoN 7T [N1'N2
"mminn" 7'¥a 0'niNNnN DX
/ |on X7 o'ypTal,(E)
JIR'NDIO0PN 7TINT NNNNN

7NN DX PITA7 Yun? C"wWoN
1-n yxmnni nnivn v

J

% spikes in the homogenesous axis
tspikeshom = cumsum(E) ;

end

E[E,.]=Var(E,,)=1
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Time Rescaling GOF testing
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Time Rescaling GOF testing
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Background:

Filters, Estimators,
Auto- cross- correlation

functions Stationary Signal Analysis

T1-T3

TS5 T4

Simulation of correlated LTI & Correlations
Gaussian processes * Ry Ry, estimation and
« AR FFT for S,,, S,, estimation
* FIR

LTI &R, AR model |

« h(1) estimation * Regular signals

» Delay estimation * Yule-Walker equations
* Removal of EEG artifacts

T7 T6

Spectral Analysis: * Averaging between trials
* Non-parametric * Uncorrelated noise
» Tapering » Correlated noise

* Multi-tapering » Spike triggered average
+ Sinus detection * Bussgang
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Background:

Filters, Estimators,
Auto- cross- correlation
functions

Non-Stationary

T1-T3

Adaptive Segmentation

@ *Spectrogram
*Wigner Ville
<I> Instantaneous correlation «Ambiguity
*Cross-term removal
Run(s) Test

T4-T7

Joint Time-Frequency Analysis

*Cohen class
Event detection

T10-T11

Point Processes (PPs)

» *PSTH A~~—~—"¥ <Stochastic intensity ,u(t; Nt , Wt)
s ’ *Rate /1('[) (poisson) *Poisson PP } Homogeneous
it *Haz > ~

> Interval distribution  z(7; N,z *Renewal PP Poisson PP

:’ JINT *Hazard h(z-) (renewal
\ T Interval probability density F)T(T)
v

Spike triggered average PP model comparison
*Maximum Likelihood

Interval dependency PP simulation *Time rescaling
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2D histogram
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LNP Cascade Xwila n7xv

971010 M7 AXY XN YW 1NN DX RN K27 2700

Linear Non Poisson
Filter Linearity Spiking

x(1) | /(o) A(1) o2 | AN(t)
—-JZ s TIT

.ND7YN? 707102 127 0WA WY —1NT - w(t)

DIRTD W00 W Y- h(T)
PLRVD MMIRPY-K - f (X (1))
(MUAP — 0°p>*5D) 2¥¥7 RN 7w M?°¥971 - AN (1)
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7Y M T WAI0RIA NI DTN TRX NIRNIN nnima LNP.mat yaipa
.100Hz 10 'Ntan 722'0 7w NnaTh TN times NIoupIa nNiom nT'n?

h(7) "x1'70 070N Y van JNYYe now Iven LR

Jn(z)|=1 9% 20790 nx i L h(7) Arn 09N IR DWW A
X(t) nx awn .2

_ﬂ,(t)zexp(x(t)) "y naman A(t) nx awn T

N'"N7119 AWNT AMIN K7 [IORID 770N 7w axp 7nnd A(t) 2 wnnwn .
N7 NTIR )'70N 7Y DATN

110N .n7xwa Inan MUAP NINT 0TIzn 9'vonn NRXINN DX YN
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LNP Cascade Xwila n7xv

h(7)| =197 2090 nx 17071 .h(7) PRn 09N DK DWW 2

% load the data
load('LNP.mat") ;

%% Section B

N length(w); % signal length
t (0:N-1)./Fs; % create the time axis

1 |
PP = zeros(N,1):; % point process jUI? Dn le n
PP (round (times*Fs) ) = ones(size(times)); % spikes at given times / U|3.|7 |—|-3 —I-v

% LTI filter estimation up to const.

7
[Rww, tauw] = xcorr(w); % stimulus autocorrelation

[EwN, tauwN] = xcorr(w,PP); % stimulus PP cross—correlation
'97 YIApPN NKR'XN

thal = flipud (RwN) /Rww (tauw==0}; % estimate the compound system (LN]
NNINN YI7'R

% Norm restriction and cropping only the central part to reduce noise)
h = hgal (tauwN./Fs>=-0.01 & tauwN./Fs<=0.15)/...
norm (hgal (tauwN./Fs>»=-0.01 & tauwN./Fs<=0.15),2);

% Nonlinear constant
k]{q = norm(hgal (tauwN./Fs>=-0.01 & tauwN./Fs<=0.15),2); ) 9
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X(T) Nk nwn .a
Alt)=exp(x(t)) "y numian A(t) nx awn .71

%% Section C
x = filter(h,1,w); % simply filtering w with the derived filter

% plot the result

figure () ;ploti(t,x) ;xlim ([0 5]);

hx = xlabel ('$Time \ ‘\left[sec\rightl&');

hy ylabel ('SAmp \ ‘“left[a.u.\right]5");

ht = title('S$x\left(th\right)5');

set ([hx, hy, ht]l, 'interpreter', 'latex', 'FontSize', 13);

%% Section D

lambda = exp(x); % applying an element-wise exponential

% plot the result

figure () ;

plot (t,lambda) ;xlim ([0 5]);

hx = xlabel ('S$Time \ ‘“\left[sec\
hy = ylabel ('SAmp M\ “left[a.u.\right]3");

ht = title('$\lambda‘\left (t\right)5');

set ([hx, hy, ht], 'interpreter', 'latex', 'FontSize', 13);

11



LNP Cascade Xwila n7xv
z (1)

apnnn X(t)-n

Amp la.u.]
A N ) N
=
—
—_—
_—

12



Amp [a.u.]

140

120

100

80 -

60 I

40

20

0

LNP Cascade Xwila n7xv

A(t)

MLJJU\J& U\JMJ L JMMM

0 0.5 1 1.5 35 4 4.5 5
sze sec

apnnn A(t)-n

13



LNP Cascade Xwila n7xv

2MIN X7 [IOXID )'7NN 7w 2xX7 )1'70ND /I(t) -1 IYNNYUN .0
07D NTIZI )'70N 7¢W DA NYY7119 1Nl

N7RYWA 1IN0 MUAP nIN? DTign Q'vonn nRXINN DX YN .

N'A0N

N IIE DI I S S S .

Poisson [
Spiking |
[

| Linear Non
: Filter Linearity
w(t), X (t) f (o)
h >
wrg] ")

Bussgang

(@) | <27 [ian()
} - ITH

Time Rescaling
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NTIZIN )'70N DTV 771NN 7W "INAY2D ['VIAN IR NWD DWW T
NIN IN'20N .N7XY [ININ |70 'OIXAN )'7NNN1 DNX7N'0W WUTNN

/

DY N'XAIpoNg
ly7nionn 7'7nnn

NRXINN

%% Section Z

—

cross—correlation

the

RwNsim, tauwN] xcorr (w, PPsim}; % stimulus PP

fllpud(RwN51mi5wa(tauw==0];

hgal estimate compound system (LN)
% Norm restriction and
hgal (tauwN. /Fs>=-0.01 & tauwN./Fs<=0.15)/...

norm (hgal (tauwN./Fs>=-0.01 & tauwN./Fs<=0.15),2);

cropping only the central part to reduce noise

hsim

% Nonlinear constant

norm(hgal (tauwN. /Fs>=-0.01 & tauwN./Fs<=0.15),2);

kg
% Compare the LTI
figure () ;

plot (tauwM ( (tauwN.
plot (tauwl ( (tauwN.

/Fs>=-0.01 & tauwN./Fs<=0.15))./Fs,h) ;hold on;
/Fs>=-0.01 & tauwN./Fs<=0.15))./Fs,hsim) ;

hx = xlabel {('$\tau \left[sec\right]5"')};

hy = ylabel ('5h\left (\taul\right)5"');

ht = title('S5LTI \ System \ Recovery \ Comparison$'};

hl = legend('SPP \ Qrg$','SPP \ Simulated$'};

set ([hx, hy, ht, hl], 'interpreter', 'latex', 'FontSize', 13); :16
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LTI System Recovery Comparison
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.100 Hz 7w 21ha omiaTi Ql.mat yalza 0'x¥na 0Inan

nNIT N Do NR? 1IIypnnw ECG 'wop 100 n%'on signal nxonn
NX"0NN NNIYY )0 Nt N7 0'PINY 2'9°0n I'N 0NN D 1NN .0myo 100
AT IT DN X

SmMopnn AN % 7w qo nvxn 9% QRS-0 'op79nIp Mmip' NN INXYN X
DT NINIR? ECG-n NN DX NNl

17w Hazard-n n»¥j19 nx 1Dwwi Renewal process-> nix7? ion*nn .2
LRXINN NN 12NN

NIIX NIX 217N TNYYT D027V Nn'ion NAI7INS? Twn pITa%7 11 .2
yixnm "y QRS-n rop9onip
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QRS-0 'op7917n 100 TVIn TIvan DO7'awa 12DNN D NIX? .a Jwnn
1INV X7 D 27 M'w .complexes n¥"VNN NNIYA 0O'R¥N) DN ,D'YWYIINN
|NT2 DNIX T'TN7 DD'2V1,72'1TNA 199N'Y 1D D'0719N N7'NN NX D'NNNY
ANNIN NRNITYUXINNAN 07190 MIX NIX 12'¥N .VIXMN IX?

NOTO 7¢ N'XI1712217 TXD ,n¥0N IWXRIN ECG-n NIk YAy mnaTn .1
nTNYN (DTN 9'Wod DN72pPYW) O779N1PN 7W 1M9INN NIXNI D'0719N1'N
WY X77 ECG-n nIR NN

?12%7 wyan DN .WYIN DX QYN .0
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NN % 7w 9o nryn 197 QRS-N 0779017 MIz' NN IKYN X °
N7 NINIR? ECG-n NN NX Nmnt L 'nmopnin

function [ Indicator 1 = FindRwave (| ECG,thresh )
function assumes the signal is detrended, and parallel to the x axis.
the detection is based on simple thresholding fracticon of the signal maximal
value, and local maximum criterion. The signal is assumed to be denoised

before entering the function or have a relatively low noise.

ECG - input ecqg signal for QRS detection

thresh — threshold as a fraction of the maximal value

%

%

%

%

%

% Inputs
%

%

%

% Output
%

Indicator — indicator with 1ls at the R wave.

|"3} F:a l?;l ||l?|;l Indicator = zeros(size(ECG)); % initialize the indicator
maxVal = max(ECG); % find the maximal wvalue
1 1
Dln Opn nN Xn \ $ run along with threshoclding and maximum criterion
for 1=Z:length(ECG)-1
c]O '13.|_U‘U |n||7|n if ECG(i) > maxvVal*thresh s& ECG(i) > ECG(i-1) && ECG(i) > ECG(i+l)

Indicator (i) = 1;
end

end

22
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QRS Detection

(0]

Q

ot

o

Wb

0.5

25 3
Time [sec]

3.5 4 4.5 5

5.5

‘TNAIT? NINNIN

23



Hazard n"xj19 + NiyIiNn '1N'7T XYN2 N7RY

-N N"¥7119 NX 1DWWI Renewal process-> nix? ion'nn .2
RYINN DX 12